In this paper, we consider a forced Burgers equation with time variable coefficients of the form
Introduction
The nonlinear diffusion equation, known as Burgers equation (BE) after the extensive work of Burgers [1, 2] is an important model which appears in various fields of physical science. In hydrodynamics, it is a standard model of turbulence used to study propagation of nonlinear waves and shock formation [3] . It is used also to describe processes in gas dynamics [4, 5] , nonlinear acoustics [6] , heat conduction, and plasma physics. In cosmology, the Burgers equation is a good approximation to understand the formation and distribution of matter at large scales [7] .
The standard Burgers equation is of the form V t þ VV x ¼ mV xx , where V mostly represents the velocity field, t is a time variable, x 2 R is the space variable and m is a constant viscosity or diffusion coefficient. This equation is probably the simplest nonlinear model admitting direct linearization, and thus being C-integrable in contrast to S-integrable systems which require spectral transform technics. Indeed, analytic solutions of the Burgers equation can be obtained by the Cole-Hopf transformation, which transforms the nonlinear Burgers equation to a linear heat equation [4, 5] . Lately, other methods like, Hirota's direct method and Bäcklund transformation [11] , hyperbolic function method [8] , and homogeneous balance method [9] were used to construct new exact solutions of the BE.
As known, the main features of the Burgers equation are due to the simultaneous existence of a nonlinear term and a linear diffusion term. If the diffusion is dominant over nonlinearity, the solution of the BE approaches the solution of the diffusion equation. On the other hand, if the nonlinear term dominates over the diffusion, one may expect formation of shock discontinuities. An interesting property of the BE appears when a balance occurs between the nonlinear effect and the effects of dissipative nature. In that case, the system exhibits shock profile solitary wave solutions. Moreover, Burgers equation posses also multi-shock solitary wave solutions [10, 11] and shocks of different amplitude and speed can fuse (merge) to a single shock, so that completely non-elastic interactions may occur. Another important property of the Burgers [17] . However, although in [17] solution was given for an arbitrary function Gðt 0 Þ, only the cases when Gðt 0 Þ is a constant and the case when it is a stochastic white noise force were discussed. Motivated by this idea, here we introduce and give explicit exact solutions for forced Burgers equations with different variable parameters. For this, in Section 2 first we establish the relation between the FBE (1) and the standard BE. As a result, explicit solution for the IVP of the FBE (1) is found in terms of solutions to the heat equation and a second order linear ODE. Then, some particular exact solutions such as shock and multi-shock type waves, triangular wave, N-wave and rational type solutions are given. In Section 3, for comparative reasons, first we recall some solutions of the forced Burgers equation with constant l and x 2 . Then, exactly solvable models (1) with positive constant damping and exponentially decaying diffusion coefficient are considered and different type of exact solutions mentioned in Section 2 are obtained for the critical, under and over damping cases. We observe generalized traveling wave solutions which speed, steepness, and shock amplitude are functions of time. Special properties like interaction of shocks in multi-shock wave solutions, and motion of pole singularities of rational type solutions are described explicitly and illustrated constructively. Section 4 includes brief summary, future plans and potential fields of applications.
Forced Burgers equation with time dependent coefficients
In this section, we obtain relation between solution of the FBE with variable coefficients and the standard Burgers equation. Then, using Cole-Hopf transform we find an analytic solution of the IVP for the FBE (1) in terms of solution to a corresponding second order linear ODE. 
where sðtÞ is as defined in (5), and the time interval on which the solution exists depends on the properties of the auxiliary functions.
Since it is difficult to analyze solution (11) for an arbitrary initial condition, in what follows, we consider particular problems for which the FBE (3) subject to some localized initial profiles has exact solutions and one can observe explicitly their behavior. As known, the standard BE (6) has different type of solutions, such as shock solitary waves, similarity, N-wave and rational function solutions. This suggests us to look for corresponding type of solutions for the FBE with variable coefficients, as follows.
(a) Shock wave solutions. The standard BE (6) has shock solitary wave solution
where A; c; c 0 are arbitrary real constants. Then, the FBE (3) with initial condition 
corresponding to the initial condition Uðx; t 0 Þ ¼ ÀðA=lðt 0 ÞÞ tanh½Ax; À1 < x < 1. Solution (12) of the standard BE (6) is a localized wave of constant amplitude moving with constant speed. However, the solution (13) of the FBE with variable coefficients is a generalized traveling wave of the form Uðx; tÞ ¼ũðx; tÞþ AðtÞ tanh½BðtÞðx À CðtÞÞ, where the termũðx; tÞ contributes to the wave amplitude, AðtÞ is the shock amplitude, BðtÞ is related with the steepness of the shock profile, x ¼ CðtÞ describes the motion of the ''center'' of the profile, and v ¼ _ CðtÞ is its velocity. Accordingly, for the wave solution (13) , one can see that the shock amplitude is proportional to 1=lðtÞrðtÞ, and steepness of the profile is proportional to 1=rðtÞ. Also, the position of the ''center'' of the wave profile is described by xðtÞ ¼ ½rðtÞ=rðt 0 ÞðcsðtÞ À c 0 Þ, where its velocity can be easily found using that vðtÞ ¼ _ xðtÞ. Multi-shock wave solutions. Since the standard BE has multi-shock solitary wave solutions [10, 11] , it is natural to ask for multi-shock type solutions for the FBE with variable coefficients. Here, we outline the procedure, and give formal results. Clearly, the heat Eq. (8) 
rðtÞ is solution of (2), and sðtÞ is given in (5). For k ¼ 2 and proper choice of constants, one obtains one-shock wave. When k > 2 one expects formation of multi-shock wave solutions. Indeed, this is the case, and illustrative examples are given in Section 3.
(b) Triangular wave solution. The BE (6) has triangular wave (similarity) solution,
corresponding to initial condition Vðg; 0Þ ¼ AdðgÞ, see [10] , where A is a constant, dðgÞ is the Dirac-delta distribution, and (6), see [10] 
with ½m=2 ¼ m=2 for even m, and ½m=2 ¼ ðm À 1Þ=2 for odd m, see [24] . Using also the relation @ g H m ðg; s=2Þ ¼ mH mÀ1 ðg; s=2Þ, it follows that, the BE (6) 
Thus, U m ðx; tÞ given by (20) 
is a known integrable model and one can see for example [17, 23] In what follows, using the discussion in previous section, we will write explicitly some special solutions of BE (25) , and note that, in the limit case x 0 ! 0, these solutions Uðx; tÞ approach the solutions Vðx; tÞ of the standard BE. 
In Fig. 1a , we plot solution (28) , and in Fig. 1b the solution (29) . Note that, due to the trigonometric functions in Uðx; tÞ, finite time singularities appear periodically, and they can be interpreted as formation of shock discontinuities. 
and the corresponding ODE (26) 
where Vðg; sÞ is a solution of the standard BE. As in the previous case, we see that in the limitx ! 0, the following particular exact solutions Uðx; tÞ approach the corresponding solution Vðx; tÞ of the standard BE.
(a) The forced BE (30) with initial condition Uðx; 0Þ ¼ c À A tanh½Ax; À1 < x < 1 has one-shock wave solution
Uðx; tÞ ¼x tanhðxtÞx þ 1 coshðxtÞ c À A tanh A coshðxtÞ x À c sinhðxtÞ
which amplitude depends on time, the center of the wave profile moves according to xðtÞ ¼ c sinhðxtÞ=x, and its velocity is vðtÞ ¼ c coshðxtÞ. In Fig. 2a , we plot one-shock wave and observe that the shock center moves with increasing velocity vðtÞ In Fig. 2b , we illustrate the fusion of two-shock type solution. of the standard BE. Finally, we note that for the above particular solutions, one has lim t!1 Uðx; tÞ ¼xx. Similar result was obtained in [22] , where the long-time asymptotics for solutions of the BE (30) were discussed according to the properties of the initial profile. 
Forced Burgers equations with constant damping and exponentially decaying diffusion coefficient
In this part, we consider exactly solvable forced Burgers equations 
and the auxiliary function is s 1 ðtÞ ¼ t=ð1 þ ct=2Þ. Therefore, the BE (36) has solutions of the form
where Vðg; sÞ satisfies the standard BE. Clearly, when x 0 ! 0, one has also c ! 0, and in that case we can see that the following particular solutions Uðx; tÞ approach solutions Vðx; tÞ of the standard BE.
(a) BE (36) with initial condition Uðx; 0Þ ¼ c À A tanh Ax ½ has shock wave solution
which shock amplitude decays with time eventually going to zero, and its ''center'' moves with velocity
Àct=2 , see Fig. 4 . Multi-shock wave solutions of the BE (36), can be found from the general solution 
and a i ; p 0 i are real constants. In Fig. 5 we plot two-shock wave solution Uðx; tÞ, with special choices in (41), 
As an example, in Fig. 9 we consider solution U 2 ðx; tÞ, which has one fixed singularity x ¼ 0 and one moving singularity on the real line approaching x ¼ 0 as t ! 1.
At the end of this section, we note that for the above particular solutions one has lim t!1 Uðx; tÞ ¼ Àðc=2Þx, so that in the long-time limit the system becomes stable with velocity proportional to the displacement. Here, the limit function Àðc=2Þx is also a stationary solution for the BE (36). 
Then, BE (36) has solutions of the form
where Vðg; sÞ satisfies the standard BE. When c ! 0, one has X ! x 0 > 0 and a ! 0. In that case, it is not difficult to see that the bellow given solutions of the forced BE (36) with variable coefficients approach the corresponding solutions of the forced BE (25) with constant coefficients.
(a) BE (36) has shock type static solution
which behavior is illustrated in Fig. 10a , and it has shock wave solution in the form
which for some particular parameters is plotted in Fig. 10b . Note that the solution wave (49) is broken by shock discontinuities which appear periodically at finite times. Multi-shock wave solutions are found as 
In that case, we have the IVP € r þ c_ r Àx 
Notice that, when c ! 0, one hasX !x, andb ! 0. If Vðg; sÞ is as in the previous cases, then one can see that the solution (56) of the variable parametric BE (55) approaches the solution (31) of the constant coefficient forced BE (30) , which in turn approaches the standard BE solution, whenx ! 0. Different type of exact solutions can be found and analyzed following the procedure in Section 2. To illustrate the effect of increasing the parameterx, as an example, we plot shock wave solution forx ¼ 1, and forx ¼ 2. We observe that in Fig. 13b , the center of the wave profile moves faster and the shock contribution decays more rapidly to zero, comparing with the wave in Fig. 13a. 
Conclusion
In this article, exactly solvable forced Burgers equations with specific time variable coefficients are discussed. In particular, Burgers equations with constant damping, exponentially decaying diffusion coefficient and a forcing term linear in the space variable were treated explicitly. For these models we found generalized shock wave solutions which speed, steepness, and shock amplitude are functions of time. Special properties such as fusion of shocks in traveling wave solutions, and motion of pole singularities of rational type solutions were observed. In addition, we shortly discussed the limiting case of the parametric equations, and the long-time behavior of their solutions. Similarly, our results can be used to study variable parametric forced Burgers models related with the Sturm-Liouville problems for the classical orthogonal polynomials [25] .
We note also that, there are different approaches to study the variable parametric Burgers problems posed in this article. The one, which we used here, is transforming the inhomogeneous Burgers equation with variable coefficients to a standard Burgers equation, and then applying Cole-Hopf linearization. Another approach is a direct linearization of the variable parametric Burgers equation in the form of a variable parametric parabolic equation, which in turn can be transformed to a standard heat equation or can be solved using the evolution operator method. These problems are discussed in a forthcoming article.
As known, the Burgers equation has unique importance in computational physics due to the big number of applications to turbulence, shock formation, stochastic motion, etc. This is why we think that our solutions could have wide applications to real physical situations. Here we will mention only few potential fields. One interesting approach is related with quantum computational physics. A quantum algorithm as a microscopic-scale algorithm for a type-II quantum computer was studied by modeling the time evolution of a continuous field governed by the nonlinear Burgers equation in one space dimension [26] . In this case the Burgers equation is derived as an effective field theory governing the behavior of the quantum computer at its macroscopic scale, where both the lattice cell size and the time step interval become infinitesimal. If Uð2Þ quantum gate parameters are variable in space, then the Burgers equation with variable parameters, like tunable shear viscosity, will appear as effective description of quantum computer with control on quantum gates. It will require extension of techniques in [27] to quantum models with sufficiently many qubits per lattice node.
One of the most interesting applications of Burgers equation with external force is in stochastic processes. It was shown that the one-dimensional Burgers equation with an elastic forcing term is connected with the Ornstein-Uhlenbeck process [28] . The study of diffusion driven by the Burgers flow begins from first solving the Burgers equation for a chosen external force field and it is the place where our solutions could be explored. Next specifying the probability density, and ending with the corresponding ''passive contaminant'' concentration dynamics. Then solution of the Burgers equation with the forcing term, the Burgers velocity field, determines the stochastic Ito equation, where the given forced Burgers velocity field is perturbed by the noise term representing a molecular diffusion in the form of the Wiener process. The fluid velocity is considered as the forward drift of the stochastic process. For the time independent linear force term, the forward drift of the Markovian diffusion process is a linear function of x. It was proved that the forced Burgers dynamics and the diffusion-convection equation for the concentration of a passive component in a flow, in case of gradient velocity fields is compatible with the Markovian diffusion process input [29] . Solution of extended Burgers equation for time dependent force, considered in present paper, generalizes the usual one related with the Ornstein-Uhlenbeck process and depending on choice of the time depending function it can represent a stationary state or an anomalous spreading. This question is under investigation now.
Another interesting problem is the turbulence as was studied by Polyakov in terms of the Burgers equation, modeling the Navier-Stokes equation with white noise random force. It was shown that the model exhibits scaling behavior. If in our forced Burgers equation, x 2 ðtÞ is a white noise force, then our solutions can be applied to analyze this problem. The advantage is that we can find an analytic solution for the arbitrary time dependent functions. This problem as well as the stretched structure of the solution, similar to stretched vortices in Navier-Stokes equation, is also under investigation.
As another application in stochastic mechanics, in [30] studying the limit of systems of Brownian particles with electrostatic repulsion when the number of particles increases to infinite, a non-linear stochastic differential equation has been introduced. Existence and uniqueness of the corresponding nonlinear diffusion process then has been related with real analyticity of solutions for the holomorphic Burgers equation. Generalization of the Burgers equation and its solution as given in the present paper could lead to interesting extension of these results.
In plasma physics, an electrohydrodynamical model in the form of the Burgers equation with external force, describing the evolution of a local electric field in plasma under the assumption of motionless ions with electric field obeying the Poisson equation was proposed [31] . This is the electric analog of the magnetohydrodynamical problem considered by Olsen, where the external field in Burgers equation is determined by the magnetic field. In more general situation with allowed ions motion, this will lead to the Burgers equation with external force depending on space and time through electric and magnetic fields.
Last application which we mention is related with the study of unsaturated flow, in the presence of a web of plant roots, which was modeled by Burgers' equation with a spatially varying sink function [32] .
We summarize and conclude by saying that our work was motivated by two main ideas. First one is the big number of possible applications in real physical problems, as mentioned above. And second one is the exact solvability of our models, where the explicitly found solutions can provide convenient schemes to develop perturbation theory, test numerical methods and develop new algorithms necessary for revealing the nature of many nonlinear physical phenomena.
